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ABSTRACT. Both integral equation and differential equation methods enable modelling moisture 
content sensors in heterogeneous materials, although integral equation methods provide better 
computational efficiency when inverting measurements to determine moisture distribution.  Here we 
describe predicting dielectric loss, while retaining the relative simplicity enabled by the pseudo-static 
integral equation approach.  The new model sums the electric field components from the polarisation, 
and sums elements of electric current to quantify the loss component.  Including both summations 
enabled calculating the conductivity of a lossy, heterogeneous dielectric, and the telegraphers equation 
provides the velocity and attenuation of a time domain signal on a transmission line. 
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1   Introduction 
 
TDR (time domain reflectometry) is used extensively for measurement of θ, the volumetric 
moisture content in soil, and other materials such as grains, powders, and minerals.  For 
measurement of θ, a short open-ended parallel transmission line or waveguide, typically 300 
mm long, is buried in the material under test.  The travel time of a pulse with very short 
risetime (typically < 300 ps) is measured and provides the mean propagation velocity pv , on 
the line of known length.  Since most biological and composite materials make negligible 
contribution to the permeability of the region, pv  indicates the mean relative permittivity rε of 
the material surrounding the waveguide.  When the loss tangent is small, and the relative 
permeability is one, rε  may be obtained using 
22 /r pc vε ≈  where c is the velocity of light.  
Since rε  for most organic and mineral materials is typically in the range of three to five 
whereas that of water is typically 80, rε  of a material forms a useful surrogate for its moisture 
content.  Frequently, empirical calibration techniques are used since practical dielectric 
models are usually unable to account for the subtle interactions between water molecules and 
the material that affect the water polarizability.  For example, [1] configured a polynomial 
relating the measured rε  to the moisture content of soil.  This calibration is applicable to 
quite a wide range of soil types (and hence orders of magnitude variation in particle size with 
their attendant variable interactions with water molecules) and typically has an accuracy of 
better than 2% in θ over the range 5 to 50%. 
 
We have previously shown [2] how an integral equation (IE) method can be used to model the 
field distribution around a TDR waveguide immersed in an arbitrary permittivity (and hence 
moisture content) distribution, and lead to a prediction of pv .  The model has also been used 
to invert a set of data to provide a measure of moisture distribution [3], and for that 
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 application an IE method confers significant advantages.  IE methods enable the problem to 
be solved once for a given permittivity distribution, and for any field distribution representing 
different positions of the waveguide, resulting in just one forward calculation per inverse 
iteration.  This contrasts with DE methods where one solution is required for each waveguide 
position.  The approach is thus generally more favourable for inverting TDR measurements 
than the otherwise more rapid DE methods.  For our work to date, we have assumed low loss 
dielectric material, but the model has ignored the loss component.  Here we calculate the loss 
component and relegate for future work, its use in a more comprehensive propagation model.  
First we describe our existing method, and then describe calculation of the loss component 
and validation. 
 
 
2   Theory 
 
The polarisation of a discretized zone or cell within a dielectric material may be represented 
by a dipole at its geometric centre.  In most dielectric materials, there is no net polarisation 
until generated by an external or impressed field.  When applied to this quasi-static electric 
field problem where the material is considered lossless, the method of moments may be 
considered as the summation in each cell, of the electric field contributions due to the 
polarisation in all other cells. The potential φ p  at point p(x,y,z) generated by polarisation P, is: 
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where r
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is a unit vector pointing from the centre of the cell to p [4], and r  is the distance from 
the cell centre to p.  In Cartesian 3-space: 
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where ~, ~ ~x y z and  are the rectangular components of ~r . The potential arising from the 
contribution from many cells is: 
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where dv  is the differential volume over which each P. r
∧
 applies.  Reverting to the single 
dipole case, its electric field is the space rate of change of potential ( −grad pφ ) so that from 
(9): 
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with corresponding equations for Epy and Epz.  The above may be combined in an integral 
equation describing the electric field Ep at a point p: 
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The polarisation region may now be discretized, and following the method of moments [5], 
we calculate the matrix of polarisation vectors P(x,y,z) using: 
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where L is a linear operator, Ei the external impressed field and χ(x,y,z) the electric 
susceptibility (εr(x,y,z) - 1).  (13) is converted to matrix form and solved for the vector of 
polarisations P, and the electric field strength in each cell is recovered from the polarisation: 
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The inputs required for the method are: a vector comprising sets of three elements describing 
the impressed field, a matrix describing the permittivity within each cell, and the 
dimensionality of the problem.  While the above method applies to any impressed field 
distribution, in this case Ei is the vector of impressed field components due to the waveguide, 
where the transverse field is described by the x-y plane, and the z axis is parallel to the 
waveguide rods.  To obtain the potential difference between the two rods and hence determine 
line capacitance, the matrix E is integrated along a path between the waveguide rods in a 
transverse plane.  Then to obtain pv  for the lossless case, the standard transmission line 
formula is used: 
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Here dl is the length element of the numerical integration (the cell length in this discretized 
case), q the same initial line charge density that defined the impressed field, μ the total 
permeability, b the waveguide rod spacing, and a the rod diameter.  
 
The model used here employs the pseudo 3-D method described in [2] and uses field 
proximity compensation as described in [6] to obtain improved prediction of the electric field 
distribution. 
 
 
3   Modelling dielectric loss 
 
The intention of the integral equation dielectric model described above, is for use in 
tomography where the forward calculation (the dielectric model) only needs to be calculated 
once for each iteration of the inverse solution, since different excitations arising from the 
differing antenna or in this case waveguide positions, do not require recalculation.  The model 
assumes pseudo-static conditions where R of the distributed form of the transmission line 
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 equations is negligibly small and hence propagation is in transverse electromagnetic mode.  
Calculation of the electric field by the model is based on summing the polarisation 
contribution from each cell [5], so it has no inherent capability for calculating the field due to 
losses in the dielectric material. 
 
The approach we elected to use for including the loss component, was to begin with the output 
from the existing model which included the electric field distribution within the dielectric 
material along with its complex permittivity, to calculate the current in each cell and hence the 
loss component.  The total current in each cell comprises the displacement current that 
generates polarisation, and the conduction current that gives rise to the dielectric loss, denoted 
by  G in the distributed form of the transmission line equation. 
 
The displacement current density JD is defined as dD dt  where D is electric displacement so 
that [7]: 
 0(1 )D
dEJ
dt
χ ε= +  (16) 
and hence 
 
 20(1 )D
dEi l
dt
χ ε= +  (17) 
 
where l is the edge length of the cubic cells.  dE dt for each cell was taken as the maximum 
slope at the frequency of interest, Eω .  Only that part of iD arising from 0χε  results in charge 
movement (the vacuum displacement current due to 0ε  alone does not result in charge 
movement) and was calculated within each cell in the revised model. 
 
The loss component G, was calculated using Ohm’s Law for each cell.  The conductivity of a 
lossy dielectric is 0"ε ε ω S/m so the conductance of a cubic cell is 0 r lε ε ω S.  Hence an 
expression for the conduction current in each cell is: 
 
 20 "Ci E lε ε ω=  (18) 
 
The total current in each cell is the sum of the two rectangular components, displacement and 
conduction currents.  The next step was to determine the resultant current flow between the 
waveguide rods, and hence calculate the conductivity G for the distributed impedance form of 
the transmission line equation.  To calculate the current, it was expedient to rely on Gauss’s 
flux law, and sum the current from each cell forming a line that intersected the transverse 
plane between the waveguide rods.  Then G (S/m) was calculated using the conduction 
current and the potential between the rods, determined from a line integral between the rods,  
 
 ( , , ).V x y z= ∫ E dl  (19) 
 
Prior to a quantitative validation, we show a typical output from the model, comprising the 
electric field distribution and the conduction current (Fig 1). 
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Figure 1.  The left-hand plot shows a transverse plane view of the electric field 
distribution for a parallel waveguide in air over a rectangular material of relative 
permittivity 10+j10.  The right-hand plot shows the conduction current for a 
frequency of 1 GHz. 
 
 
4   Validation 
 
We have previously demonstrated the validity of our electromagnetic model in a 
heterogeneous, dielectric material, and now validate the calculation of G using a 
homogeneous material.  No limits to the generality of calculating the electric field distribution 
and the currents, have been introduced by the method explained in Section 3.  The procedure 
used for initial evaluation of the accuracy of our approach was to use a uniform transverse 
permittivity distribution of 50 by 50 cells, each with 10 10r jε = + , and a waveguide 
comprising two 6.4 mm diameter rods spaced 40 mm apart.   
 
The predicted propagation velocity was 9.38 x 107 m/s, compared with a theoretical value 
( 10c ) of 9.48 x 107 m/s.  We attribute the discrepancy to the relatively crude integration 
we used for the calculation (19) of potential difference between the waveguide rods.  The 
lossless model was previously evaluated using a self-consistency approach [8] and by 
comparison with experimental results for different permittivity distributions [6].   
 
Next, the predicted conductance G was compared with the theoretical value for the parallel 
transmission line [9]: 
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The comparison used three different uniform distributions, and although only those for 
varying values of imaginary rε  or loss component are given, varying the real part of rε  had 
negligible effect on the predicted value of G. 
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 Table 1.  Comparison of the predicted conductance G with the theoretical 
value for a parallel waveguide.  Altering the real part of rε  had negligible 
effect on the predicted value of G. 
 
Uniform distribution: rε  Theoretical 
value for G (20)
Predicted G 
(from model) 
10+j1 0.06923 0.07234 
10+j10 0.6923 0.7234 
10+j100 6.923 7.234 
 
 
Although there is a reasonable agreement between the very different theoretical and predicted 
methods for calculating G, further work is required.  The discrepancy between the results 
from each method is almost certainly due, at least in part, to the shape of the waveguide rod.  
The theoretical value assumes cylindrical rods, whereas the prediction models them as a cell 
of square cross-section, 5mm by 5mm.  The cell perimeter, 20mm, was matched to the rod 
circumference when calculating the theoretical value of G from (20), hence the modelled rod 
diameter was 6.367 mm, which was considered the most appropriate diameter to most nearly 
match the square rods. 
 
We envisage that the next step in our validation will be to determine an analytical form of (20) 
for rods with square cross section, and/or to simulate round rods, although the latter will 
require a very large model.  Our pseudo 3-D model [6] produces a 250 MB modelling array 
for transverse plane simulation of 50 by 50 cells (array is 2n2 by 2n2 for an n by n cell 
simulation), and we expect that a 150 by 150 cell simulation would be required for crude 
simulation of round rods. 
 
The approach described here enables simulating a time-sequenced representation of the 
waveguide signal in response to a waveguide pulse, and will form the basis of future work. 
 
 
6   Conclusions 
 
We have described a method for calculating the conductivity G for a parallel waveguide 
buried in a lossy dielectric material, based on a pseudo-static integral equation model for the 
electric field in a heterogeneous low-loss dielectric material.  Reasonable agreement has been 
achieved with a theoretical value using round transmission line rods in a homogenous lossy 
dielectric.  Further work has been identified to improve the validity of the comparison.  A 
current direction of our research work is the enhanced accuracy for our techniques to non-
invasively measure moisture distribution, and the technique described here will be used to 
further enhance model generality for that application. 
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